
International Journal of Theoretical Physics. Vol. 35. No. 6. 1996 

Theory of q-Deformed Forms. I. q-Deformed 
Alternating Tensor and q-Deformed Wedge 
Product 

Won-Sang Chung, t Hye-Jung Kang, t and 
Nan-Young Choi I 

Received August 29, 1995 

In this paper we deal with the q-deformed alternating tensor and prove the 
associativity of the q-deformed wedge product. Moreover, we construct the theory 
of q-deformed homology in order to prove the q-deformed Stokes theorem. Lastly 
we prove the q-deformed Poincar6 lemma. 

1. I N T R O D U C T I O N  

Quantum groups provide a concrete example of noncommutative differ- 
ential geometry (Connes, 1986). The idea of the quantum plane was first 
introduced by Manin ( 1988, 1989). The application of noncommutative differ- 
ential geometry to quantum matrix groups was made by Woronowicz (1987, 
1989). Wess and Zumino ( 1990; Zumino, 1991 ) considered one of the simplest 
examples of  noncommutative differential calculus over Manin's quantum 
plane. They developed a differential calculus on the quantum hyperplane 
covariant with respect to the action of  the quantum deformation of GL(n),  
so-called GLq(n). Much subsequent work has been done in this direction 
(Schmidke et at., 1989; Schirrmacher, 1991a,b; Schirrrnacher et al., 1991; 
Burdik and Hlavaty, 1991; Hlavaty, 1991; Burdik and Hellinger, 1992; Ubri- 
aco, 1992; Giler et al., 1991, 1992; Lukierski et al., 1991; Lukierski and 
Nowicki, 1992; Castellani, 1992; Chaichian and Demichev, 1992; Chung, 
n.d.-a,b). 

~Theory Group, Department of Physics, College of Natural Sciences, Gyeongsang National 
University, Jinju, 660-701, Korea. 
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It is of interest to examine whether this new mathematical object will 
bring new phenomena in the forthcoming physics. Since symmetries play an 
important role in physics, it is worth extending them to the deformed concept 
of symmetries which might be used in physics as well. If quantum groups 
are applied, they may be supposed to create a kind of new physics which 
goes back to its classical versions when the deformation parameters take 
particular values. 

To this end it is worthwhile to consider the fundamental concepts and 
the computational techniques of quantum groups. 

Recently the contraction rule of the q-deformed Levi-Civita symbol was 
treated (Chung e t  al . ,  n.d.). The present series of papers constitutes three 
parts/  In part I we deal with the q-deformed alternating tensor and prove 
the associativity of the q-deformed wedge product. Moreover, we construct 
the theory of q-deformed homology in order to prove the q-deformed Stokes 
theorem. Lastly we prove the q-deformed Poincar6 lemma. 

In part II we deal with the q-deformed differential forms and q-deformed 
Hamilton equation. 

In part III we deal with the q-deformed Hodge dual operator and q- 
deformed self-dual Yang-Mills theory. 

Although this paper (part I) is more or less mathematical, it is needed 
in constructing the q-deformed Hamilton equation (part II) and q-deformed 
self-dual Yang-Mills equation (part III). Since the notations given in this 
paper are compact, we first introduce special cases as exercises and then 
extend to the general case. 

2. q-DEFORMED ALTERNATING TENSORS AND 
q-DEFORMED WEDGE PRODUCT 

In this section we introduce the q-deformed alternating tensors and prove 
the associativity of the q-deformed wedge product. First we suggest the 
following definition. A tensor to(v1, vz . . . . .  Vk) is called q-alternating if 

to( . . . .  vi, vj . . . .  ) = - q o ~ (  . . . .  vj ,  vi . . . .  ) for i > j  (1) 

where vectors vi and v i are interchanged and all other v's are left fixed. The 
set of all q-alternating tensors is denoted A~(V). Here we define Al tq(Tq)  by 

1 ~ sgnq~Tq(vcr~l) . . . . .  v~t,k)) (2) al tq (Tq) (Vl  . . . . .  Vk) -- [k]! ,~sk 

where 

[k] -- 1 -- q-k 
1 - - q - l '  

[k]! = [kl[k - 1] ... [2][11 

"-The present paper is part I, Chung (1996a) is Part II, and Chung (1996b) is part IIl. 
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and Sk is the set o f  all permuta t ions  of  the numbers  1 to k. The  sgnqff is 
def ined as 

s gnqO"  = ~ -  R(~r( I ) , . . . , t r ( k )  ) ~" I , . . . ,k  
"4 *.-'tr( I ).. xr(k) 

where R(er(l) . . . . .  o'(k)) is defined as 

k - I  k 

R(o'(1) . . . . .  o'(k)) = ~ 
n = l  h i : n +  1 

and 

and 

RCcrCn), or(m)) 

RCi, j )  = 1 for  i > j  

R(i , j )  = 0 for i - - - j  

EI...k I,... k E,~c 1 ) . . . i f (k)  
E c r (  I ) . . .or(k) 

Here  Eit...i k means  the q -de formed  Levi-Civi ta  symbol  (Chung et al., 
n.d.), which is defined as follows: 

Et2...k = 1 

E...i/... = (-q)E.. . / i . . .  for i > j 

For example ,  the q -deformed  q-al ternating 2-tensor  Tq ~ Aq(V) is def ined as 

Altq(Tq)(Vl, v2) 

_ ~ - R ( 2 1  ) L" 12 "/" [ , ,  1 {q-RCI2)El~Tq(vb v2) + '4 '--'21 'qtV2, vl)} 
[2It 

1 
- [2]! {Tq(Vl' v2) - q "Tq(v2' vl)} 

Similarly we find 

Altq(Tq)(v2, Vl) 

_ ~ -  R(21 ) K ' 2  I I {q_R(,2)E+~Tq(vt, v,-,) + "4 ,-++,iTq(v2, v,)} 
[2]t 

1 
- [2]! {-qTq(vl ,  v2) + q-tTq(v2, Vl) 

Here we can show that 

Altq(Tu)(v2, vl) = -qAltq(Tq)(vt, vz) 
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which means that Altq(Tq) is really q-alternating. The general proof  is written 
in Theorem 1. For the case that Tq e A3(V), we have the q-alternating tensor 

altq(Tq)(Vl, v2, v3) 

1 - -  -R(123) 123 ~-R(13Z)jTlZ3"r, t',, [3]! {q EI23Tq(111' V2' v3) "1- t/ L. 1321q~,Vl, v3, v2) 

_}_ ~-R(213)uI23-/-  [,, 
t/ L,213~q~.V2, Vi, V3) 
~-R(231)Kv123,"/-, t , ,  ~-R(312)K. 123"/" ,.',, 

"Jr- t/ ~231 lq~,V2, V3, VI) q'- t./ z..3121q~V3, VI, V2) 

~-R(321) UI23 qr" [,, -Jr- t/ L. 3211q~V3, V2, Vl) } 

1 
[3]!  {Tq(vl' V2, 1'3) q-ZTq(vl' V3' V2) q "Tq(v2' Vl' V3) 

+ q-4Tq(v2, v 3, Vl) + q-4Tq(v3, v 1, v2) - q-6Tq(v3, v 2, Vl)} 

Similarly we get 

altq(Tq)(Vl, v3, v2) 

1 - -  -R(123) 132 ~-R(132)IpI32"F' t',, [31! {q E123Tq(Vl '  v2'  V3) -}- t./ L. 132~tqlVl, 1'3, V2) 

_}. ~-R(213)lT132"ir" ,', 
t/  a.~2131qkV2, VI, V3) 

~-R(231) 17132"F' t',, ~-R(312)IUI32"T" t ' .  
+ t/ L~2311q'O'2, V3, VI) at- t/ L;3121q~V3, VI, V2) 

q.. ,.,-R(321)ltP132qr" t', 
,t./ L, 321Jt q~V3, V2, VI) } 

1 
: [3]"! {--qVq(Vl'  V2, V3) q'- q-tTq(v,, v 3, v2) q- q-'rq(v2, v,,  v3) 

-- q-3Tq(v2, v3, Vl) - q-3Tq(v3, vl, v2) + q-5Tq(v3, v2, v l )}  

Here we can check that 

Altq(Tq)(Vi, v3, v2) = -qAltq(Tq)(Vt, vz, v3) 

The general extension is summarized in Theorem t below. 
From the definition o f  Altq(Tq), we reach the fo l lowing  theorem. 

Theorem 1. Altq(Tq) ~ Akq(V). 

Proof Let (i, i + 1) be the permutation that interchanges i and i + I 
and leave all other numbers fixed. If o- ~ Sk, let or' = cr o (i, i + 1), 
which implies 

cr'(i) = o-(i + 1) 

cr'(i + 1) = o-(i) 

cr'(l) = cr(l) for 1 4 : i a n d l ~  i +  1 
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T h e n  

Al tq (Tq) (v l  . . . . .  vi, vi+l . . . . .  vO 

= 1 ~ sgnqcrTq(v~ l )  . . . . .  vor~i), v~u+l ~ . . . . .  v¢~k)) 
[k]! ,~sk 

= 1 ~ sgnqcrTq(v~r.~l) . . . . .  v,~.u+l), v~.~i) . . . . .  v~.{k)) 
[k]! ,,~s~ 

i £ sgnqff 'Tq(vcr '( i )  . . . . .  vcr'(i+l), Vtr'(i) . . . . .  Vcr'(k)) 
= ( _ q ) - I  [k]! ,~' ~s~ 

= ( - q ) - t A l t q ( T q ) ( V t  . . . . .  vi+l, vi . . . . .  vk) 

w h e r e  w e  used  the re la t ion  

s g n q ~  = ,.-~-R(o-()). o-~(k))jt? l , . _ d , i +  l , . . . ,k  
°1 L" cr( l ) , . . . ,o ' ( i ) ,a(  i + 1 )....,or(k) 

~ -  R(o"( I ),... , :r ' ( i+ 1 ),cr'(i) o t s t r ' ( k ) ) K '  I . . . , i+ I .. . ,k 
= ~ ' ' L, or (I),...,~ (i+l),cr (i),...,or (k) 

= (-q)-'q-R~(l~..~`r~"+')~`r~(i)~`~k))E~q.i~+.'~.i.i~'~or~)~...~`r~k ) 

= - q -  Isgnq(r '  
,) 

F o r  to e Az~(V) w e  h a v e  

S i m i l a r l y  w e  get  

Al tqoJ(vb  v2) 

1 
- {to(vl, v2) - q - 2 t o ( v >  v~)} 

[2]! 

1 
- {to(vl, v2) - q - 2 ( - q ) o J ( v ) ,  v2)} 

[2t!  

l + q  - )  
- - -  t o ( v .  v 2 )  

[2]~ 

= ( V , ,  112) 

At tq to(v: ,  v l )  

1 

[2]! 

I 

[2]! 

- - -  { - q t o ( v >  v2) + q - % a ( v >  v))} 

- - -  [ - q ( - q - t ) t o ( v 2 ,  v l )  + q- Io~(v2 ,  Vl)] 

l + q  - )  
- - -  o ~ ( v >  v 0  

[2]~ 

= ( v : ,  v , )  

(3) 
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Now let us check the case that k = 3. For to E A3(V) we obtain 

Altqto(vl, v2, v3) 

1 
- -  {to(Vl ' V2, V3) --  q-2tO(Vl,  V 3, V2) - -  q-Zto(V2,  V 1, V3) 

{31~ 

q- q-atO(V2, V 3, Vl) q- q-4to(V3, V I, V2) --  q-6to(V3,  V2, Vl)} 

1 + 2q - t  + 2q -2 + q-3 
= t o ( v .  v2, v3) 

[31! 

= to(vl, v2, v3) 

Similar ly we get 

Altqto(vb v3, v2) 

1 
- { -q to (v t ,  v2, v3) + q-l to(vl ,  v3, V2) nt- q-ltO(V2, Vl, V3) 

[31! 

- -  q-3oJ(V2, V 3, Vt) - -  q-30~(V3, Vl, V2) + q-Sto(V3,  V 2, Vl)} 

1 + 2q - I  + 2q -2 + q-3  
= to (v t ,  v3, v2) 

[31! 

= to(vl, v3, v9 

The  general  extension o f  the above  computa t ions  are writ ten in T h e o r e m  2. 
When  to is q-al ternating,  we have the fo l lowing theorem• 

Theorem 2. If  to E A~(V), then altq(to) = to. 

Proo f  The  proof  is easy;  we have 

altq(to)(vl . . . . .  vk) 

_ 1 
[kl I ~ s g n q O ' t o ( v ~ ( i )  . . . . .  v,r(k)) 

• ~rESk 

_ l Z q -R(cr ( l ) • ' • e r (k ) ) l~ l ' • ' k  " " / "  
[k] v ~m... ,~k),,~t v,~ l ) . . . . .  v,,(k)) 

• ~rESk 

I 1 
/ . - .  \ 

[k]~ 

= o~(vj . . . . .  v~) 

where we used the fol lowing identity: 

q-R~,~m...~)~ = [k]! 
cr ~ Sk 

(4) 
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This identity is easily proved by using the definition of  R(o(1) . - .  cr(k)), 
which is given in Appendix A. 

From Theorems 1 and 2, we have the following theorem. 

Theorem 3. Altq(Altq(Tq)) = Altq(Tq). 

Proof. The proof follows immediately from the proof of  Theorems 1 
and 2, so we will omit it here for brevity. 

If to ~ A~(V) and rl ~ A~(V), then to ® "11 is usually not in ~+t A~ (V). We 
will therefore define a new product, the q-wedge product co ^q "q • 
A~+Ic~ by q \ ' 1 ~  

[k + l]! Altq(to @ "q) (5) 
to ^q rl - [kl![l]! 

where 

Altu(to ® "q) 

_ 1 

[k + I]T ~ sgnq~(v~m . . . . .  v,,tk~) 
• f f e S k + l  

X ~l(V~(k+ l~ . . . . .  V,,~+~) (6) 

The reason for the strange coefficient will appear later• The following proper- 
ties of ^q hold: 

(tol -I'- 032) A u T~ = ta) l Aq T~ d" to2 Aq T 1 (7)  

to ^q (rh + x12) = to % rh + to ^q r12 (8) 

am ^q "q = to ^q a'q = a(to Aq 'lq), a • R (9) 

(to Aq '1~) Aq 0 = to Aq (T I Aq 0) (10) 

The last property ( i0)  will be proved later. From the definition of Altq, we 
have the following theorem. 

Theorem 4. If Altq(Sq) = 0, then 

Altq(Sq ® Tq) = Altq(Tq ® Sq) = 0 

Proof By definition we have 

[k + l]! Altq(Sq @ Tq)(Vl . . . . .  vk, Vk+l . . . . .  Vk+l) 

= E sgnq(ySq(vcr(I) . . . . .  Vcr(kI)Tq(V~(k+l) . . . . .  Vcrck+l)) 
crESk+t 



1 0 7 6  C h u n g ,  K a n g ,  a n d  C h o i  

If G C Sk+t consis ts  o f  all o" which leave k + 1 . . . . .  k + l f ixed,  then 

£ SgrlqO'Sq(Vtr(l)  . . . . .  Vcr(k))Tq(vtr(k+ I) . . . . .  l'¢r(k+t~) 
c r a g  

k 

= [k]![-~.~ E sgnu~Su(v ,n , ,  . . . . .  v,,(k,) Tq(vk+, . . . . .  vk+,) 
c: ~ Sk 

= [k ] !  A l t q ( S q ) ( v l  . . . . .  vk)Tq(vk+ t . . . . .  vk+i) 

= 0  

where for cr e G, w e  used 

sg%~ (~ E G) 

,~-R(tr(lL...,~r(k).k+ I,,.,,k +/),,.if' I,.-kk+ I-. "k+l 
t,/ L' o'( 1 ).--cr(k)k + I'" "k+l 

~ q-R(~r(I)'"cr(k))-R(k+l'"k+l)-SiE{cr(I),.. . .cr(k)LjE{k+ k+l}R(i j) l: i ' l '"k 
.... ~ t r ( ) .  • .or(k) 

.~_ .~- R(¢( l ). . .tr(k) ) p l . . .k 
~1 L'cr( I )" " .¢r(k) 

= s g n q t r  (or ~ & )  ( 1 1 )  

S u p p o s e  n o w  t h a t  O'o d o e s  n o t  b e l o n g  t o  G .  L e t  G o c r o  = {or o c r o l t r  E 

G }  a n d  le t  v,,otl ) . . . . .  v,~0tk+t ) = w~, . . . ,  wk+~. 

T h e n  w e  h a v e  

sgnq tySq (v t r ( l )  . . . . .  V~r{k))Tq(Vcr(k+ I) . . . . .  Vcr{k +1)) 
o ~ E Goo- 0 

= £ s g n q ( f f '  o O,-0)Sq(lflcr,~cro(l) . . . . .  Vo,oo.0(k) ) 
o"EG 

X Tq(vcr,ocro(k+ I) . . . . .  V~'~rO~k+a) 

= ~ sgnq(Cr '  o or0)Sq(tO,~,{i ) . . . . .  C%r'~tO) 
O'tE~ 

x T~(~+ ,  . . . . .  ~k+,) 

= qR{'~°<l)'"~°Ck+a)Sgnv~o ~ sgnqcr'Sq(t%,<l> . . . . .  oJc,,{k)) 
~ '  ~ S k 

× Tq(tOk+, . . . . .  oJk+t) 

= [k ] !  qg¢cr°¢l)'""cr°¢k+t~)sgnqcroAltq(Sq)(to~,¢l~ " ' "  to~,¢~) 

X Tq(tOk+ 1 . . . . .  ~,¢:+t) 

= 0  
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where we used the relation 

Sgnq(fy' o CrO) 
,,, - R(o'Mro( 1 ) ... tr'oo'o(k + I)) L'7 I-" -k + 1 
t t  L" cr" °,~r(}( 1 )"  .,.r o~ro(k + l) 

= ,oR(o'O( I ),...,o~0( k + l))rj  - R(°"°crO( 1 ),... xr'ocro(k + I ) )~¢0(  ! ) ' .  "cro(k + I) 
• "1 " l  --or 'oct0( I )- .  "cr'ocr0(k+ l) 

X " l -R(¢r0 (  I ),...,cr0fk +1))1~ I "  "k+l 
t,/ L" crO( I )' " "o'0(k +/ )  

= qR(crO(ll" '"crO(k+llIsgnq (70 s g l l q  (yr 

Using Theorem 4, we can obtain the following theorem. 

Theorem 5: 

Altq(Altq(to @ Xl) @ O) = Altq(to @ "q @ O) 

= Altq(to @ Altq('q @ 0)) 

Proof: 

Altq(Altq(~q ® O) - ~q ® O) 

= AttqOq ® O) - Altq('q ® O) = 0 

Using Theorem 4, we have 

0 = Altq(to ® (Altq("q ® O) - ~q ® 0)) 

= Altu(to @ AltqO] @ 0)) - Altq(to @ ~q @ O) 

which completes the proof. 

At last we reach the associativity of the q-wedge product. 

k Atq(V), and 0 E Aq (V), then Theorem 6. If to ~ Aq(V), 'q ~ " 

( t o  A q  T~) A q  0 = t o  /Nq ( ' ~  A q  0 )  

_ [k + l + m]! Altq(to @'q  @ O) 
[k]![t]![m]! 

Proof: 

(to ^q r 1) ^q  0 

_ [k + I + m]! Altq((to Aq 31) @ O) 
[k + l]![m]! 

= [k + l + m]! [k + l]! Altq(Altq(to @ "q) @ O) 
[k + /]![m]! [k]![l]! 

_ [k + l + m ] ! A l t q ( t  ° ® "q @ O) 
[k]![l]![m]! 

which means the associativity of the q-deformed wedge product. 
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3. P R O P E R T Y  OF q - D E F O R M E D  A L T E R N A T I N G  T E N S O R S  

In (5) the q-deformed wedge product for the q-deformed k-tensor gb and 
/-tensor ~ is defined, which is given by 

dp /"u ~ - [k + 1] ~. Al tq(+ ® t~) 
[k]~[l]~ 

- ~ ~ Sgnqcrdp(v~lt) . . . . .  vcr~k)) 
[k]![/]! ~sk+t 

x qJ(v,~k+ ~t . . . . .  v,,~k+l~) 

For +, + • A~(V) we have 

(d~ ^q ~)(vb Vz) = +(v~)dj(v2) - q-2d~(ve)~(vl)  

and 

(+ ^q +)(vl, v2) = t~(vl)+(v2) - q-Zt~Cv2)+(vl) 

Consider another example. For qb E Aql(V) and + • Aq(V), we have 

(+ ^q ~)(v~, v2, v3) 

1 - -  -R(123) 123 ~ - R ( 1 3 2 ) f t 2 3 / z  ~--- {q EI23~(1,I)~(1,2,  1,3) -F n 132(PI, Vt)~J~1,3, v2) 
[2] 

R(913j 123 + q -  - E213dp(v2)ql(1,1, V3) 

+ q-R(231)Ei232.11, - ,a .  -R(312) 123 q E3t2+(1,3)~(vj, v,)  23iW~ 2)t~tv3, 1,1) + 

+ q-r~32J)E~3d~(v3)~(v2, vl)} 

1 
= [2--'] {~b(vl)t~(v2'  v3) - q-2~)(Vl)~(v3' v2) - q-2~(v2)~b(Vl, v3) 

+ q-4f~(v2)~(v3, Vl) + q-4c~(v3)~J(vl, v2) - q-6~(v3)~(1,2" vl )}  

= qb(vt)tl/(v2, v3) - q-2+(v2)t~(vl, v3) + q-4dp(v3)~b(vl, v2) 

and 

( ~  Aq ~b)(1,1, 1,2, 1'3) 

1 
[2] {~(vl, v-,)d~(v3) - q "~(1,1, v3)~(v2) - q "~(v2, 1,0~(v3) 

+ q-4~(V2,  v3)~b(vl) 4- q-4~(1,3 ,  vl)gb(v2) - q-6~j(1,3, 1,2)gb(v|)} 

= O(Vl, v2)dp(v3) - q-2t~(vt ' v3)~b(v2) + q-4~(v2, v3)dp(vl) 
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where  we used the q-alternating proper ty  o f  ~. Here we have another  expres-  
sion for the q -de formed  wedge  product  o f  qb E A~ and t~ e A~: 

( +  Aq t[ / )( i i  I . . . . .  I l k + l )  

- -  2 
cr*~Sk+l,Cr*{ 1 ) < "  *<cr*(k),o-*(k+ I)<-" • <o'*(k+/) 

× ~(v~*{k+l) . . . . .  v~*{k+t}) 

This  is proved as follows: 

( +  ^q +) (v l  . . . . .  vk+3 

_ 1 Z Sgnqfff~(Vcr(l) . . . .  Vcr(k))~(V~r(k+l), . .  Vcr(~+l)) 
[kl ! [ l lT ' " • cY~Sk+ I 

__ 1 ~ ,~-R(~r(l),...,~y(k+l))I~ I,...,k+l 
[k] ![/] ! ~ ~sk+t "t "~ m l},...,~{k + t} 

x + ( v . m  . . . . .  v~{k~)~(v~(k+ ~ . . . . .  V~{~+~) 

__ 1 ~ q - R ( ~ r ( ~ ) ' . . . ~ G . ( k ) ) ~ R ( ¢ ~ ( k + ~ ) ~ . . ~ c r ~ k + l ) ) ~ ] ~ i e ~ k } ~ e ~ k + ~ . . ~ ' k + ~ } R ( a ( i ) ~ ( j ~  ) 

[ k l ! [q !  ~Sk+l  

17 1 .,. k + l  A.[,  × ~d~li,...,~k+OWt~m . . . . .  V~(k))t~(V~k+ ~ . . . . .  V~k+O) 

_ 1 ~ q-R(~tm ...... I~)) ~ q-e~,~2C~,+~)....,,~2(k+O) 
[k]![l]! ~t ~sk ,-_~sl 

X Z sgnqCr*dp(vcr,o) . . . . .  Vcr*~k)) 
cr * e Sk + l,Cr *( I )<* * , <rs*lk  ) .a*(k  + 1)<-- -<cr*(k+/) 

X ~(V~,(k+ i ~ . . . . .  V~*ck+~) 

= ~ sgnqlY*dp(v~.o) . . . . .  V,r*(k)) 
~r* eSk+l ,~Y*(1)<."  .<¢r*(k),ff*(k+ 1 )<-* -<tr*(k+/) 

x t~(v~.~+l~ . . . . .  v~.~+~) 

where  we used the fol lowing formula:  

q-e~) '"~(k))  = [k]! 
¢r ~ Sk 

Now we have the fol lowing property for ~b ~ A~ and t~ ~ A~: 

(4' ^q q~)(v~ . . . . .  v~.~) 

= (-q-Z)laQ(ql ^q +)(vl . . . . .  vl~+l) 

Sgnq cr*+(v~, m . . . . .  v~.~k)) 

(12) 
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w h e r e  

0 ( ~  ^q +)(vl . . . . .  vk+l) 

= Z 
cr~ Sk+l,Cr( I ) < "  " " < o r ( / ) d r ( l +  I ) < "  '"  < a ( k  + / )  

X +(V,,(/+ 1) . . . . .  V,~Ck+t)) 

It  is w o r t h  s t r e s s ing  tha t  

O(q' ^~ +)(v~ . . . . .  v~+t) 

:P ~ sgnq-'Crkb(vrr(l) . . . . .  v,r(I))dp(vcr(l+l) . . . . .  va(k+l)) 
e:eSk+! 

The  p r o o f  is easy.  T h e n  we  h a v e  

('1' ^q ~)(vl  . . . . .  v~÷t) 

= Z 
cr eSk+ l, cr( l )<. . .<o'(k),tr(k + 1 ) < . . . < o ' ( k + / )  

X +(V,~(k+ i ) . . . . .  V,,ck+ i)) 

I f  w e  subs t i t u t e  

or(i) = c r ' ( l  + i) for  

or(i) = cr ' ( i  - k) fo r  

w e  h a v e  

(+  ^q ~)(vl . . . . .  vk+l) 

= 
++Sk+l,cr(I)<.,.<cr(k),tr(k+ l)<.. .<~(k+l) 

*(V+,.) . . . . .  V~,.)) 

If  w e  wr i t e  

then  we  ge t  

S~nqGr 

Sgnq-lCrt~(vcr(i) . . . . .  Vcr(l)) 

i = 1  . . . . .  k 

i = k +  1 . . . . .  k + l  

sgnq ffdp(Vcr,(t+ Ii . . . . .  V~'(k+t) 

sgnqCr = q-r('rO)'""r(k+t))S~nqO" 

/ 7  l , . . . , k + /  
= L ,  c r ( i ) , . . . , ~ r ( k + / )  

K'l,...,k+l lff'l ._,k+t K T a ' (  l ) , . . . , ~ ' ( k + / )  
= L ' c r ( l l , . . . , c r ( k + / ) t ' - ' o  , (1) , . . . ,or  (k+l lL ' l , ._ ,k+l  

^ ! 
sgn u- Icr 

E~c i ),...,tr(k).cr(k+ I ) , . . . , o ' ( k + / )  E~,( i )....,tr'(k),cf(k+ I ) , . , . , f r ' ( k + l )  

= ( - - q - I ) k l s ~ n q - I  i f '  

sgnqcrdp(v~(i) . . . . .  v(k+ h) 
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where we used 

Err( | ),...,cr( k).cr(k + l ),...,cr( k + t) = ( _  q )kl 

Its proof is given in Appendix B. On the other hand, we obtain 

q -  R(,,c l ),....,,(k +/)) 

= q-R(cr'(l),...,<r'(k))-R(cr'(k+ l),+,,,ff'(k+l))-~,iEIl,...,kl,jElk+ I,...,k+llR(~r'(i),~'(J)) 

= q - Z i e  { I,...,klje 1~++ I,.,.,k+l}R(tr'(i)+cr'(J)) 

= q - ' 2 i  • I I,...,kl j e  f,~+ l,,.+,k+l}( I -R(cy'(j),fr'(i))) 

= q - k l q X i •  { I,...,kl,j• {k+ I,.,+,k+llR(cr'(J),a'(i)) 

= q-klqR(C/(l) , . . . ,a '(I) ,c/(l+ I),..,.o-'(k+l)) 

Thus we have 

Sgnqff  = ( -- q -  2)ktsgnq- toy' 

Therefore we obtain 

(4' ^q ~ ) ( v j  . . . . .  vk+t) 

= (__q -2 )k l  E 
of' ESk+I,~r'(I)<," ~<cr'(/),cr'(/+ I )<"  .<cr'(k+/) 

x + ( v . . . , +  t~ . . . . .  v . . .~+~)  

which completes the proof. 

s g n q - ' C r ' + ( v c r , O )  . . . . .  Vcr'Ct)) 

4. q-DEFORMED STOKES T H E O R E M  

In this section we discuss the q-deformed Stokes theorem and prove it. 
Let a q-deformed singular n-cube in A C R" be a function c: [0, 1]" --> A. 

A particular example of  a q-deformed singular n-cube in R" is a q- 
deformed standard n-cube I": [0, 1] n --> R" defined by l " ( x )  = x for x 
[0, 1]". Let the q-deformed n-chain in A be the finite formal sum of  q- 
deformed singular n-cubes in A multiplied by integers. For each q-deformed 
singular n-chain c in A we define a q-deformed (n - 1)-chain in A called 
the q-boundary of  c and denoted ac. For each i with 1 <- i -< n we define 
two q-deformed (n - l)-cubes l'~i,o) and I"  (i,~ as follows. 

I f x  ~ [0, 1] "-l ,  then we have 

I~i,o)(X ) = I n ( X  I . . . . .  X/-1,  0 ,  X / . . . . .  . r  ' - t )  

= (x I . . . . .  x i - I ,  0,  x i . . . . .  x " - l )  
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l ~ . o ( x  ) = l " ( x  t . . . . .  x i - I ,  1, x i . . . . .  x " - l )  

= ( x  I . . . . .  x / - l ,  I ,  . e  . . . . .  x " - j )  

We will call I~'/:,) the q-deformed (i, eO-face of  I". We then define the q- 
boundary of I" as 

0 I , =  ~ 2 ( - 1 , i + ' ~  i - ' , "  : q -~i.a) 
i = 1  a = O , l  

For a general q-deformed singular n-cube c: [0, 1]" ~ A we first define the 
q-deformed (i, a)-face 

c~i.,~) = q - ' c  o I~.~,) 

and then define the q-boundary of  c as 

O c = ~  E ( - , , ;  +,~;-, • J q c(i.a) 
i = 1  a = O . l  

Similarly we can define the q-deformed (j, [3)-face of the q-deformed standard 
(n - l)-cube I(5,~) by 

(c(i.~,))(j.f~) = q - i - J c  ° (/(5,a))U.B) 

T h e o r e m  7. If c is a q-deformed n-chain in A, then O(c)c) = O. Briefly, 
0 2 = O.  

P r o o f  Let i -< j and consider (l('~,~>)o,f~). If x ~ [0, 1] "-2, then we obtain 

(l~';.~O~.~)(x) 
n n - I  = l(i,c,)(lo,fs))(X ) 

= I n : x  I ' . .  (Lot)\ . . . . .  x j - - 1  [3, X J, . ,  X n - 2 )  

= ( X  1 . . . . .  X / - I ,  Ct ,  X i . . . . .  X j - l ,  [3, X j . . . . .  X n - 2 )  

Similarly we have 

(l(j+ ~ ~))(;~(x) 
n n - |  

= lo+ l , f s ) ( l . x , ) ) ( x  ) 

= v ,  r J x i - I , a ,  2 ,  . , x , , - 2 )  s(j+l,[3)~,X , . . . , , . 

= ( x  I . . . . .  x i - l ,  a ,  x i . . . . .  x j - l ,  [3, x J  . . . . .  x " - : )  

Thus we have 
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(Ii~',a))(j,p) = (I})+l,~))(i:,) for i -< j 

It follows easily for any q-deformed singular n-cube c that 

(C(i.et))(j,~) = q(¢(j+ L~))(i,et) for i --< j 

Then we get 

O2C : O E (--l'~i+a i-I j q c~i,a) 
ct=0, l 

,, n- 1 
= E E E (--l)i+J+e~+f~qi+j-2(c(i,oO)(J,f ~) 

i=1 j = l  o~,[3=0,1 

= E E i+j+c~+~ i+j-2 (-  I) q (C(i,ct))(j,~) 
i<--j ct,p=0,1 

l ~i+j+ct+~,~i+j-2(r "~ 
+ E E (--'1 ,4 ,'-(i,ot),(j,~) 

i>j c~,13 =0,I 

The first term is rewritten in the form 

n - 1  n - I  

first term = ~ ~ ~ 
i=1 j=l,i<--j ct,13=0,1 

The second term is written as 

second term 

i=2 j =  l,i>j c~,p=O,l 

n- I ~ 

- -E E 

(-- 1 \i+j+eL+[~i+j- lip "~ 
, ] ,4 ~.L(j+ 1,13))(i,a) 

l$i+j+c~+~i+j--2[~ "l 
- -  * J "I  U,.,(i,~)l(j,~) 

i+j+ct+f~ i+j-2 ( -  1) q (C(j,a))(i,p) 
i=l j=2,i<j a,13=0,1 

n - I  n-I 
I xi+j+a+[3,~i+j-l[~ "~ = - E  E E (- , ,  

i=l j=l,i<--j oq[3=O,l 

Comparing the first term with second term, we find that 

02C ~--- 0 

which indicates that 

Theorem 8:  

a 2 = 0 

Ic dr° = Igc co 
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P r o o f  Suppose  that C = I k and to is a q-deformed (k - l ) - form on 
[0. 1] k. Then c0 is the sum of  q-deformed (k - 1)-forms of  the type 

Note  that 

f d.x i AU "'" Aq I~X i Aq " ' "  Aq dx k 

I ik *,'/'d~Cl . . .  ~X i . - .  dx k) {j,c~) k,# Aq Aq Aq Aq 
O,i] k - i  

= 8ij ~ f ( x  l, . . . ,  el . . . . .  X k) (Ix i " '"  dx  b 
Jl 0,11 k 

Therefore we  have 

i Aq Aq A q ' ' "  Aq fax '  
O,I]k 

k I/kO 
'= Ot I = , ,~} 

I = ct I = , 0, llk-I 

Aq ~ /  A q ' ' "  Aq dx k 

l~., ,}*(fdx t A q ' ' "  Aq ~ A q ' ' "  Aq dx k) 

= ~ ~ ( - l ) J+"qJ- iS i j  f ( x '  . . . . .  ot . . . . .  xk) d x i ' " d . x  k 
j= |  ~=0,1 O,i]k 

= ( -1 ) i+ lq  i - |  ~ f ( x  I . . . . .  1 . . . . .  x k) dx j "'" dx ~ 
Jl 0+I1 k 

+ ( _  l ) i q i - i  ( f ( x  i . . . . .  0 . . . . .  ~ )  d x  i " '"  d ~  
3~ 0,11 k 

= (_q) i -I  ~ [f(x i . . . . .  1 . . . . .  X k) -- f (x  i . . . . .  0 . . . . .  X~)] dx I " '"  d ~  
st 0, I]k 

On the other hand, we  have 

i t  d ( f d x l  Aq Aq hq hq @ ex k) 
k 

= f Difdx i Aq dx  | Aq " ' '  Aq dx  / Aq " ' "  Aq dx  k 
h k 

( - q ) i - l D J  dxi  AU . . .  A u dx  k 
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( 
= [ ( - q ) i - I D ~ d x !  " '"  d ~  

h O,l] ~ 

= ( _ q ) i - ~  ~ [ f ( x '  . . . . .  1 . . . . .  ~ )  -- f i X '  . . . . .  0 . . . . .  Xk)] 
JE 0,11 k - I  

X d x  I " ' "  & i  " ' "  d x  k 

= (__q)i-I ( [ f (x  I . . . . .  1 . . . . .  X ~) -- f ( x  t . . . . .  0 . . . . .  Xk)] 

h O, ll k-~ 

X d x  ~ . . .  da ~ 

w h e r e  Di m e a n s  O/Ox ~. We  have  

do:) = 
folk ¢.0 

F r o m  the above  resul t  we  can  eas i ly  ex t end  the resul t  for I k to the 

a rb i t ra ry  q - d e f o r m e d  s ingu l a r  k -cha in  c. T h u s  we  have  

f dto = fOc to 

5. q-DEFORMED POINCARI~ LEMMA 

In this section we will prove the following lemma, called the q-deformed 
Poincar6 lemma. 

Theorem (Poincar6 lemma). Every q-closed, q-deformed form is q-exact) 

Proof .  Let the q - d e f o r m e d  1-form to be  g i v en  by 

to = ~ toil , . . . . i~ 1 Aq "'" Aq dx i` 
il < . -  .</ /  

We wil l  s h o w  that  

to = l(dto) + d(Ito) 

3A q-deformed tensor qb is said to be q-closed if d+ = O; a q-deformed tensor qb is said to be 
q-exact if there exists some q-deformed tensor rl such that ~b = d'q. 
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which indicates that d o  = 0 leads to co = d(lco). We define the operator I 
on co(x) as 

Ico(x) = ~ ~ (_q)-~-u tt-lcoi|...it(tX ) dt 
il<...<i t e¢=l 

X x iadx  al Aq " ' "  Aq ~ d ~  Aq " ' "  Aq dx  il 

Acting with the exterior derivative d on Ico, we obtain 

d(Ico) = ~ ~ (_q)-I~-II tl-lcoil...it(tX ) dt 
il < ' '  '<i I a= I 

X dx  ia Aq dx al Aq "'" Aq & ia Aq "'" Aq dx  il 

( f l )  + ~, ~, (-q)-~-') d(Djcoit...i,)(tx) at 
il<,..<il j=l ot=l 

X dxJx ia Aq dx  il Aq "'" Aq dx  ia Aq "'" Aq dx  il 

= ~ ~ d-lcoi,...it(tx) dt dx i' Aq "'" Aq dx il 
il <" . .<i I c~=l 

(I0 ) + ~ ~ ( _ q ) - ~ - l ~  /(Dj~i, . . . i)(tx) dt 
i l < . , . < i l  j = l  e~=l 

X dXJA "d~ Aq d x  il Aq " ' "  Aq ~ ' a  Aq " ' "  Aq d)~ "l 

( I O )  + ~ ~ (_q)-C~-,) d(Djcoi,...i)(tx) dt 
il<.,.<il j=l et=l 

× dxi ~,, ^q dx"1% . . .  ,,,q ~.xi,, ^q . . .  ^q dx/t 

where the caret over dx",~ indicates that it is deleted, and D/means  derivative 
with respect to x j. On the other hand, we have 

dco~- X ~ D j c o i l ' " i l d x J A q d x d i A q ' ' ' A q ° ° ' A q  dXd` 
it < ' " < i t  j =  1 

1 

= X ~ X (-q)-'~-t'Ojco,,...i, 
il<...<ilj=l a=l  

X ddc j Aq dx  ia Aq dA dl Aq " ' '  Aq &in  Aq "'" Aq dx  il 
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l 
= X ~ ~ (-q)-"~-"Djm/,...,,.E ~i".,.~ 

il<..-<il j=l e~=t 

X dx  ia Aq (Ix j Aq dx  0 Aq "'" Aq ~ ia Aq " '"  Aq dx  il 

where we used the formula 

d x  i Aq d x  j = E~ d x  j Aq d x  i 

and 

E(J Eii 
jr Ej  i 

Acting with the operator I on dto leads to 

/(de) = E ~(fltt(Dj~i, " dI~Jd~tAq Aq d ~ t  
il <*" "<i l j= 1 " "i')( tx )  "'" 

+ X ~ (-q)-('~-')E~i tl(Djtoi,...#)(tx) dt 
il<...<il j=l ct=l 

x x"~ d r  . / ^q  dx it Aq "'" ^q ,~a 2'~ ^q " ' "  Aq d#~ 

Thus we have 

d(Ito) + I(do~) 

-~- il<'*'<ilj=lE ~ ( I o t l ( o j ° 2 t i l ' " i l ) ( t x ) d l ~ J d ~ l A q ° ° * A q  dxq 

+ X ~ X (-q)-"~-" [(Djtoi,...i)(tx) dt 
il<...<il j=l ot=l 

X (dxJx jet ]- PJie~.riadrJ'l Aq d.x jl Aq " '"  Aq ~ i a  Aq "'" Aq dx  il 

Using the relation 

dxJJd~ = - EJi~.xi~dx j t¢yJ 
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we have 

d(Ito) + l(dto) 

= ~ l?-l~,. 
i l < . . . < i  I 

"°(tx) + j=l ~ tlDjtoi""it(tx)xJ) 

= ~ toil,...,il(X) d x  il Aq  
il < . .  .<i I 

= to(x) 

Therefore we reach the relation 

x dx" ^ q . . .  ^q d~ i/ 

~ (/toi,...i,(tx)) dt dx i' Aq 
i l < . . . < i  I 

" " " A q  d x  il 

which completes the proof. 

to = d(lto) + I(dto) 

•.. ^~ dx il 

dt 

6. CONCLUSIONS 

In this paper we have discussed more or less mathematical topics in q- 
deformed physics. In q ---) 1 this theory goes back to the ordinary differential 
form theory. The alternating tensor has the same form as the antisymmetric 
states in many-body quantum mechanics. In this sense we can guess that we 
will use the theory of q-deformed alternating tensors to construct the q- 
symmetric state related to the q-boson algebra. We hope that the theorems 
given in this paper will be widely used in developing q-deformed physics 
and mathematics. 

APPENDIX A 

In this paper we prove the useful identity 

~] q-R(~(0---~(k))= [kl! 
~ '~ Sk 

In order to prove the above identity, we use mathematical induction; then 
we assume that the identity holds for k. For k + 1 we have 

q-R((r(I),,..,cr(k),(r(k+ I)) 

tT ~ Sk + I 

: --~, q -  R(cy( I ),...tr(k),ct(k+ 1 ) =k + I )) 

ff ~ Sk,o'(k + 1 } = k +  I 

k 
q- ~ a  ~ a  q-R(tr(l), . . . ,a(i-I),cr(i)=k+l,cr(i+l), . . . ,(r(k+l)) 

i= I tr~Sk,cr(i)=k+ I 
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In the first term of  the r ight-hand side o f  the above equation, we have, 
from the definition o f  R, 

R(or(1) . . . . .  or(k), or(k + I) = k + 1) = R(or(1) . . . . .  or(k)) 

Hence the first term equals to [k]! by assumption. In the second term we get 

R(o'(l ) . . . . .  or(i - 1), or(i) = k + 1, or(i + 1) . . . . .  or(k + 1)) 

= R(or(1) . . . . .  cr(i - 1), or(i) = k + 1) + R ( t y ( i  + I) . . . . .  cr(k + 1)) 

+ ~ R(o'(a), or(b)) 
a= I,....i,b=i+ I , . . . . k +  1 

= R(or(1) . . . . .  tr(i - 1)) + R ( o r ( i  + 1) . . . . .  or(k + 1)) 

+ ~ R ( c r ( a ) ,  or (b) )  + ~ ,  R ( k  + 1, (r(b)) 
a = I , . _ , i -  I,b=i+ I , . . . ,k  + 1 b=i+ I , . . . , k+  I 

Since k + 1 is a lways larger than the or(b)'s, the last term gives k - i + 1. 
Then we have 

R(or(1) . . . . .  or(i - 1), or(i) = k + 1, or(i + 1) . . . . .  or(k + 1)) 

= R(or(l) . . . . .  or(i - 1), #(i),  or(i + 1) . . . . .  or(k + 1)) + k - i + I 

where 6-(0 means that or(i) is deleted. Therefore we have 

X q-R(~r(I),....crtk+ I )) 

creSk+l 

= 1 + q-(k-i+l~ [k]! = [k + 1]! 
. =  

which implies that the identity holds for k + 1. By mathematical  induction, 
we can say that identity holds for all natural numbers  k. 

A P P E N D I X  B 

In this appendix we prove the formula 

Ei l .  . .ilJl. . "jikEjl "" qkil" " "it 

where 

= (__q)k t  

i~ < iz < "'" < i t  

J l  < j 2  < " ' "  < j k  

We assume that the above relation holds. Then we only have to prove that 

Eil "ilil+ IJl'" "jk E j l  "" "jkil " " "ilil+ 1 : ( -  q )k(l + 1) 
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and 

E i l , .  ,ilJl. . JkJk+ 1 E j I "  JkJk+ Iil'"i I : ( - q ) C k  + J )t 

First we will prove the first identity. For it+ I = l + k + 1 we have 

LHS of  first identity = ( _ q ) ~ ( _ q ) k t  

= ( _ q ) ~ t + l ~  

Foril+~ =~ 1 + k + 1 we get 

it < i2 < " '"  < it < it+t 

Jl < J2 < ' ' "  < Jk 

so we havejk  = l + k + 1" then we get 

LHS of first identity = ( -q ) t+  I E i t .  " "it+ IJl" " "Jk- I EJl" " "Jk-til" " "it+ l 

= (_q) t+ l (_q)Ct+l )~k - I )  

= ( _ q ) ~ l +  I)k 

Now we will prove the second identity. For Jk = k + l + 1 we have 

LHS of second identity = ( _ q ) t ( _ q ) k l  = (_q)t~k+l) 

Forjk+L 4: l +  k + l, w e h a v e i t = l +  k + l, so 

LHS of  second identity = ( - q ) k +  IEq...it-JJt. .  "Jk+ I Ejj...yk+ Ii1"" "il-. I 

= ( _ q ) k + l ( _ q ) ( t - I ) t k + l )  

= ( _ q ) t ~ + l )  
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