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Theory of q-Deformed Forms. 1. q-Deformed
Alternating Tensor and q-Deformed Wedge
Product
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In this paper we deal with the g-deformed alternating tensor and prove the
associativity of the g-deformed wedge product. Moreover, we construct the theory
of g-deformed homology in order to prove the g-deformed Stokes theorem. Lastly
we prove the g-deformed Poincaré lemma.

1. INTRODUCTION

Quantum groups provide a concrete example of noncommutative differ-
ential geometry (Connes, 1986). The idea of the quantum plane was first
introduced by Manin (1988, 1989). The application of noncommutative differ-
ential geometry to quantum matrix groups was made by Woronowicz (1987,
1989). Wess and Zumino (1990; Zumino, 1991) considered one of the simplest
examples of noncommutative differential calculus over Manin’s quantum
plane. They developed a differential calculus on the quantum hyperplane
covariant with respect to the action of the quantum deformation of GL(n),
so-called GL,(n). Much subsequent work has been done in this direction
(Schmidke et al., 1989; Schirrmacher, 1991a,b; Schirrmacher er al., 1991;
Burdik and Hlavaty, 1991; Hlavaty, 1991; Burdik and Hellinger, 1992; Ubri-
aco, 1992; Giler et al., 1991, 1992; Lukierski et al., 1991; Lukierski and
Nowicki, 1992; Castellani, 1992; Chaichian and Demichev, 1992; Chung,
n.d.-a,b).
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It is of interest to examine whether this new mathematical object will
bring new phenomena in the forthcoming physics. Since symmetries play an
important role in physics, it is worth extending them to the deformed concept
of symmetries which might be used in physics as well. If quantum groups
are applied, they may be supposed to create a kind of new physics which
goes back to its classical versions when the deformation parameters take
particular values.

To this end it is worthwhile to consider the fundamental concepts and
the computational techniques of quantum groups.

Recently the contraction rule of the q-deformed Levi-Civita symbol was
treated (Chung et al., n.d.). The present series of papers constitutes three
parts.’ In part I we deal with the g-deformed alternating tensor and prove
the associativity of the q-deformed wedge product. Moreover, we construct
the theory of q-deformed homology in order to prove the q-deformed Stokes
theorem. Lastly we prove the q-deformed Poincaré lemma.

In part II we deal with the g-deformed ditferential forms and q-deformed
Hamilton equation.

In part III we deal with the q-deformed Hodge dual operator and g-
deformed self-dual Yang-—Mills theory.

Although this paper (part I) is more or less mathematical, it is needed
in constructing the q-deformed Hamilton equation (part II) and q-deformed
self-dual Yang—Mills equation (part III). Since the notations given in this
paper are compact, we first introduce special cases as exercises and then
extend to the general case.

2. g-DEFORMED ALTERNATING TENSORS AND
q-DEFORMED WEDGE PRODUCT

In this section we introduce the q-deformed alternating tensors and prove
the associativity of the gq-deformed wedge product. First we suggest the
following definition. A tensor w(v,, v,, ..., v;) is called g-alternating if

o(...,V,V,..)=—qo(..,v,v,...) for i>j n

where vectors v; and v; are interchanged and all other v’s are left fixed. The
set of all g-alternating tensors is denoted A’;(V). Here we define Alr(T,) by

Alt(TH(vy, ..., v) = L' 5gn, 0T, (Voiys -« - s Vo) )
[k] oeS;
where
_1l-q*
k=== =Kk - 1) 210

>The present paper is part [, Chung (1996a) is Part 11, and Chung (1996b) is part I11.
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and S, is the set of all permutations of the numbers 1 to k. The sgn,o is
defined as

= RO oLk
sgn,o = q ROW-0@E Lk

where R(o(1), ..., o(k)) is defined as

R(o(l), ..., ok) = kz; m_}i}ﬂ R(a(n), o(m))

and

R(i,j)y=1 for i>j

R(i,j)=0 for i=j
and

E\ 4
E5if ow = oy o
Here E; , means the q-deformed Levi-Civita symbol (Chung et al.,
n.d.), which is defined as follows:
Ep =1
E. ;. =(—qQE. . for i>j

For example, the q-deformed q-alternating 2-tensor T, € AXV) is defined as
Al[q(Tq)(vl’ V2)

1 _ ) _
= [—2? {q R(IZ)E}ETq(Vh v) +q R(Z')E%%Tq(vz, vi)}

= ﬁ (T 1, v2) — ¢~ 2Ty(va, v))

Similarly we find

Alt (T Y(v2, v1)

= o (BT 0 v) + g VBT (v )

= -[217 {—qTq(V|, Vz) + q_qu(Vj_, V])

Here we can show that

Altq(Tq)(VZv vl) = _qutq(Tq)(vl? V2)
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which means that Alr,(T,) is really g-alternating. The general proof is written
in Theorem 1. For the case that T, A?,(V), we have the g-alternating tensor

Alt (T )(vy, vy, v3)

| _ _
= {q R“ZJ)E;%%Tq(Vh vy, V3) + g R(”Z)Eﬁ%Tq(V:» V3, Va)

3]
+ g RAIEIRT, (v, vy, v3)
+ g RBOERT (v), v3, v)) + g RIDEIRT, (v3, vy, vy)
+ q'R(321)E§%%Tq(v3, vy, Vi) }
1 _ ~
B [?]T {T,(vi, vy, v3) — ¢ ZTtl(Vh V3 v2) = q Ty (va, v, v3)
+ g T, vy, v3, V1) + 4T, (v3, vi, v2) — @7 T (v3, va, V)
Similarly we get
Alt(T,)(vy, va, v2)
1 ~ —
= f3_]_' (g RODEIRT, (v, vy, v3) + ¢ RIDEIRT,(vy, vs, vy)
+ q-R(ZIB)E%%?}Tq(VZs Vi, v])
+ g REVERT (vy, v3, v) + g FODERRT (v3, vy, )
+ g ROIEIRT (v3, vy, v)))
1 - | -
- 31 {—=qT,(vi, va, v3) + q7'T (v, v3, vo) + 7' Ty(va, vy, v3)
- q—JTq(VZv V3, Vi) — q_BTq(vl’ Vi, va) + q‘jT"(VJ’ va Vi)
Here we can check that
Alt(T )y, v3, v2) = =qAlE(T,) (v, va, v3)

The general extension is summarized in Theorem 1 below.
From the definition of Alt,(T,), we reach the following theorem.

Theorem 1. Alt,(T,) € AYV).

Proof. Let (i, i + 1) be the permutation that interchanges /i and i + 1
and leave all other numbers fixed. If ¢ € S, let o' = oo (i, i + 1),
which implies

g'(=oc(@+1)
ag'(i + 1) =0a()
a'() = o) for l#iand! #i+ 1
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Then
Altq(Tq)(vl’ e Vi Vg, -0 vk)

Sgan'Tq(Va(l), oo Yoy Va(i+ly « v v s va(k))

[k]' aeS;
== '[k]' ] Sgnqﬂ'Tq(Va'(!), ey Va’(;.f.]), va'(i)’ ey vcr'(k))
- oe8y
—_ -1 l IT
=(—9q) ! 581,06 T (Vor(iys - -+ » Vortir 1y Vo't -
o eS;

= (.-q)mlAltq(Tq)(vla ey V,'+|, V[, RS vk)

R{a(l}) -0 k})E T ditl Lk
( p i

sgn,o = q (D (D0 (it ), olh)
= g R a'(Hl)'a'm’""m’(k))E('r"'("f'it.',&"'(ﬁ1).a'(i) ..... o’ (k)
- (_q)—lq—R(a'(l) ..... 0"([+l).a'(i).al:cr’(k))E(l’,,.(..l,;'erl'g,,.(.}_,Jkr‘”'G,
= —q 'sgno’

For w € AX(V) we have
Alt,w(vy, vo)

= ﬁ {w(v), v2) — g7 %(vy, v))}

= # (v, v2) — ¢~ H—q)w(vy, v2)}

1+47"
= o et )
= (vh VZ)
Similarly we get

Altjw(vy, vy)

1
= — {—quw(v}, vo) + ¢ 'o(vy, 1)}

2]
- # {=a(=q"Yalvs, v1) + g~'6(vs, 1))
—1
= I_;_T]‘f' (J.)(Vz, vl)

= (v, 1))

ces \’a'(k))

1073
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Now let us check the case that k = 3. For w € AZ(V) we obtain

Altqw(vl » Vo, ‘}3)

1 _ _
= ﬁ {w(v, va, v3) — ¢ 2‘1)("1’ V3, V2) — ¢ 203("2, Vi, V3)
+ 4"403(\’2’ vi, Vi) + q“‘w(v3, vy, Va) — q“’w(v3, va, 1)}
1+2¢7'+2972+ 47

31

= w(vy, vy, v3)

Similarly we get
Altw(vy, v, v3)
= [_3F {—qw(vy, v, v3) + g 'o(vy, v, v3) + g 'o(vy, vy, v3)
— g w(vy, v, v)) — g 3w(vs, vy, vy) + g 7w (va, v, V)
= L 2(1“, i 2q—2 * q-3 w(vy, v3, V)

(31!

= (J)(Vl, V3, v?_)

The general extension of the above computations are written in Theorem 2.
When o is g-alternating, we have the following theorem.

Theorem 2. If € AY(V), then Alt(w) = w.
Proof. The proof is easy; we have
Altq(w)(v;, ey Vk)

s sgn,oa(Vay, - -« 5 Vo)

—Rio(1) ok 1~k
(k]! 2; q (oot ))EU(I)”-U(L’)(’)(VU(]), sy Va(k))
- oS

_ [‘/‘% ( 2 q-R(a(l)--~cr(k)))m(v,, ces V)

ogesS;

= (v, ..., V) (4)

where we used the following identity:
2 q~R(0(l)~~~c(k)) = [k)!

aeS;
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This identity is easily proved by using the definition of R(a(l) --- a(k)),
which is given in Appendix A.
From Theorems 1 and 2, we have the following theorem.

Theorem 3. Alt (Alt(T,)) = Alt(T,).

Proof. The proof follows immediately from the proof of Theorems |
and 2, so we will omit it here for brevity.

Ifo e Ai(V)and m e AY(V), then @ ® 7 is usually not in AJ*/(V). We
will therefore define a new product, the q-wedge product w A, M €
AGT(V), by

k+ 1!
@AM = [[k]![l]]! Alt(w ® m) (5)
where
Alt (o @ m)
1
= 2 sgnqcru)(v‘,(l), ey Vo)

[k + 1]' aeSt+!
X N(Vgs1y - - -+ Vak+n) 6)

The reason for the strange coefficient will appear later. The following proper-
ties of A, hold:

(0, t o)AM= 0y AT T W AT (7
oA, (mt+m =wAantormn (8)

aw A, M = @ Ay an = a(w Ag M), aeR 9)
(@AM AL O =0 A, (nA 8) (10)

The last property (10) will be proved later. From the definition of Alr,, we
have the following theorem.

Theorem 4. If Alt(S,) = 0, then
Alt(S,®T,) = Alt(T,®S5,) =0
Proof. By definition we have
b+ 0VAIS, @ TYW1s o vy Vis Vigls -« + » Viwd)

= 2 Sgan'Sq(v‘,(”, ey Vcr(k))Tq(vU'(k+l)r ey vcr(k+l))
oeSk+!
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If G C S,,, consists of all ¢ which leave ¥k + 1, ..., k + [ fixed, then

2 Sg"qU'Sq(Va(l)» e vo’(k})Tq(va(k+l)» oo s Vagken)
oeCG
= { 3, gn0S, Vot - vmm}rq(vm, e Vi)
ageSy
= { k)t — 25 sgn U'Sq(Vuu;, Ceey Vu(ky)}Tq(an, ey Vi)
- gel;
= [k]V Alt,(S)(vi, o o VT (Viets «+ 25 Vi)
=0

where for ¢ € G, we used

sgno (o € G)

e = RO G+ k+]) 1okl
=q ¢ Eam stk + -k +]

—R(a(1)-+ ok~ Rk+1---k+D=Zi e (a(1),...atk)] je k+]1..... k+nREHE L

=q (1) )

e —R(a(1 k 1-

= g~ Rlalhot "E (l) -a(k)

= sgn,o (0 € §)) (rn

Suppose now that oy does not belong to G. Let G ¢ gy = {0 ° gylo €
G} and let Vag(lys - - - » vﬂ'()(k+l) = Wi, ooy Wiy
Then we have

2 5gn oS, (Voary « - s Vo) TyWaks 1y - - - » Vork+n)

o e Geoag

= 2 sgnq(o-’ o O'O)Sq(vo"‘xro())’ ey vo"°o’()(k))

c'eCG

X Tq(vo’oc()(k+l), D) Va'°0'()(k+l])

2 sgn(a’ © 0g)S (W iy -+ - 5 Ogr(ky)

c'eG
X T Wty - - vy Wpyp)

— R | 5 I k+
= gRoo)..ook+Msgp g, 2 58n,0'S(®sr1), - - -y Ogrry)
o' eSk

X T (@pry oy Op))

= [k]! gReoO-ook+Mgen aoAlt (S Wgrr) ** Oory)
X T (0415 - o5 Wpar)

=90
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where we used the relation
sgn (o' ° ayp)

I TG TR S ALY TR 38 md R 2 )
=4q 0 o EU'WOH)"’U'Wn(kH)

— qR{UO( 1), otk + I))q —R(a'aap(1)..... c’°UQ{k+i))E0'g( 1y - oglk+1)
a’oap(l) - @’eaqk+1)

~Riap{ i opk+ o i---k+1
X q 0 Euo(l)-~u'(y(k+l)

Using Theorem 4, we can obtain the following theorem.
Theorem 5:
Al (Alt (0 @ M) @ 8) = Alt,(w @M & 6)
= Alt(w @ Alt(n ® 0))
Proof:
Alt(Alt(m®0) — & 0)
= Alt(m @ 0) — Alt(m®0) =0
Using Theorem 4, we have
0 = Alt(o ® (Alt(n ® 0) — & 0))
= Alt(w ® Alt(m ® 0)) — Alt,(0 @M & 6)
which completes the proof.
At last we reach the associativity of the g-wedge product.
Theorem 6. If o € AX(V), m € AYV), and 8 € Aj(V), then
(@AM A0 = A, (MmAy6)
1
= %’%—'Altq(w dn®6)
Proof:
(wA;M) Ay 0
_k+ 1+ m]
[k + H{m]!
_ k14 mk+ 0
[k + QYm]! (&MY
_k+ 1+ m]
(1] m]!

which means the associativity of the q-deformed wedge product.

Alt((w Ay M) @ 0)

Alt(Alt,(w ® 1) @ 6)

Alt (0 ® M & 0)

1077
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3. PROPERTY OF q-DEFORMED ALTERNATING TENSORS

In (5) the q-deformed wedge product for the q-deformed k-tensor ¢ and
{-tensor V¥ is defined, which is given by

k + 1)
l[[]l

|
= [k]'[[]' ; Sgan'd)(VU“) ,,,,, vq(k))
B oesk

X WWVorks1ps - -+ > Vork+n)
For ¢, ¢ € A}(V) we have
(b Ay Wi, va) = SV — g d(v)b(v)

dAa b= Alt,(d Q)

and

(] Ny d)(vi, va) = Y(v)d(vy) — q"2¢(V7)¢(V1)
Consider another example. For ¢ € A! V)and ¢ € A’(V) we have

(d) Ny lp)(vlv Va2, V3)

| n —R(132
= [_2’]' (g FIDERG(v(vy, v3) + g RBPEBd(vi(vs, vo)

+ g RO, 1)
+ g FBVERIG(vP(vs, vi) + ¢ ROPERBO(v)(vy, v2)
+ g FVERO(vb(vy, v)))

= [—2‘] {SDU(Vy, v3) — g7 2d(v)U(v3, vi) — g7 2b(v (v, v3)

+ g4 b P(v3, vi) + g7 SW(v, v2) — ¢ D) (vy, v}
= GV IP(vy, v3) — g 20UV, v3) + g * Oy, vo)

and

W A, d>)(v| V2, V3)

= [—ﬁ (W(v1, v2)b(v3) = g7 W(vy, v)d(V2) — ¢~ vy, v)D(v3)

+ g7V, v)d(V) + g N(vs, v)O(V) — g (Vs va)d(vy)}
= P(vy, v)B(V3) — g (v, v3)d(vy) + g 4(va, v3)d(v))
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where we used the g-alternating property of . Here we have another expres-
sion for the g-deformed wedge product of & € Af and ¢ e Al

(¢) Aq lb)(v!’ ey vk+l)

= 2 5gn, *d(Voxy, - - - Vork)
U*ESk+1.U'(§)<' . ‘<0"(k).0’*(k+ l)<‘ . '<0‘*(k+[)
X L'J(vo*(k+|)y oy Varkan) (12)

This is proved as follows:

(b Ay W)V, oy Viad)

1
= _[k]I[lll ; sgnqo'(b(va(l), ey Va(k))lll(vo(k+|), ey VU(IH-I))
Ll oedi+t

+Mpt...., k+1
otk I))E:r(l)...ta(k+l)

l - R{a{l),...,
S,

&5k+1

X b(Vorys «+ - s Vo)W (Vog+ 1y « - - Voik+0)

= _l__. 2 = R(O(D)se, 0k — Rk + 1), 0k + D)= 2 1, k) je th+ 1, k+ 1} R(OD.0()
[k]'[[]’ oeS;+{
X Ec‘x‘("l’i{‘.f.{y(kwvr)‘b(va(l), e VoW Voa 1) - - -0 Vorksn)
= 3
- =R(a(),...01(k) —R(oak+1),...02(k+D)
= q 2 4
[k]'[l]' oledy agrEeS)
X 2 58,0 G(Vgr1ys + - s Varw)
O*ESK+ 0¥ - <a*k)a¥k+ 1)< - -<ag*(k+])
X WVorsiys -« - o Vorg+n)
= 2 Sgan'*d)(vot(,), “ e ey vU‘(k))

o* 8 + o (< - <o*(k), o (k+ 1)<---<o*k+D
X IJJ(VUt(k+1), ooy vot(k+[))

where we used the following formula:

2 q-—R(cr(l),....o(k)) = [k]!

agel;
Now we have the following property for & € Aj and ¥ € Al

(d) Aq l"")(vlv vemy vk+l)
= (=g MO Ay D)V, - 0 Vi)
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where

Q(‘b Aq d))(vlv ey vk+/)

Sgnq—'mb(v(,(,), Ceey vo(/))

oceSp+ o)< <aho(l+ 1)< - <a(k+{)
X ¢(Vo({+n, oo Vagktn)
It is worth stressing that

O Ay D)1, - -4 Vi)
;é 2 sgnq_'o-‘b(va(l)’ LEEEIRY va(l))¢(va(i+l)’ .-

TeSk+/

<y Vo(k+1))

The proof is easy. Then we have

(¢) Ny ‘b)(vh R vk+l)

5gn o d(Voqy, - v -y Vien)

geSp+1o()<---<ok)olk+1)<---<o(k+])

X WVar1ys - -+ s Vo)
If we substitute

o(i) = o'(l + 1) for (=

a(l) = a'(i — k) for

we have

(‘b Aq ‘b)(vl’ wevs vk+[)

sgn, U¢(Va'(1+1), s Vork+n

geSp+po{l)<. . <ok)ok+ )<..<ak+l)

‘b(vo'(lb ey Va'(/))

If we write
Sgl’lq()' = q—R(a(l) ..... 0(k+l))sgnq0
then we get
sgn,o

= Egis owsrn

= Bttt e Ebiit g n ES o 64D

= Sgnq—lg'

Eony...otrater U...oter D Ec (). 0"tk 1), (kD)

= (—g™isgn, 0"
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where we used

- K
Esiy... othotet Doootkrn = (—q)

Its proof is given in Appendix B. On the other hand, we obtain

q—R(U(l) ..... alk+h)

=q—R(0"(l) ..... o' (k) —R(@ (k+ 10’ kD) =2 1, k] je th+1. . k+ 1RO DO G
= q_zie(l.m.k).je(k+l‘..A.k+1)R((T'(i)'U'(j))

= q—Eie(1,....k1.je(k+1.,..,k+1)(l-R(cr’(j).cr'(i)))

=q—quR(o"(l) ..... o' (Na'(I+1),..a'tk+D)

Thus we have
~2)kl

sgn,o = (—q~*)"sgn,~\a’

Therefore we obtain
(Cb Aq "l‘)(vlv ] vk+1)

—2yki '
) sgn, 0 WV iy, - -y Vo)
o' eSk+0'(DN< <o’ (No'(I+1)< - -<a'(k+1)

=(—q

X ¢(Va'(1+n, ceesy Vo'(k+1))

which completes the proof.

4. ¢-DEFORMED STOKES THEOREM

In this section we discuss the q-deformed Stokes theorem and prove it.
Let a g-deformed singular n-cube in A C R" be a function c: [0, 1]* — A.

A particular example of a g-deformed singular n-cube in R" is a g-
deformed standard n-cube I™: [0, 1]" — R" defined by /"(x) = x for x €
[0, 1]". Let the g-deformed n-chain in A be the finite formal sum of g-
deformed singular n-cubes in A multiplied by integers. For each g-deformed
singular n-chain ¢ in A we define a q-deformed (n — I)-chain in A called
the q-boundary of ¢ and denoted dc. For each i with 1 = i = n we define
two q-deformed (n — 1)-cubes I{;o, and If;;, as follows.

If x e [0, 117", then we have

o =1, ., X0, 4, .., %Y
=, X0, X L, D
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Iy = I, o LX)
=@ XL L T

We will call I;,, the q-deformed (i, o)-face of I". We then define the g-
boundary of /* as

or =23 2 (=D

i=1 a=01

For a general q-deformed singular n-cube c: [0, 1]" — A we first define the
q-deformed (i, a)-face

Cliy = q—ic ° I?i.u)
and then define the g-boundary of ¢ as

dc =2 D (—DFg ™ ca

i=1 a=0.1

Similarly we can define the q-deformed (j, B)-face of the q-deformed standard
(n — 1)-cube I, by

(Cia)ipy = 4 e o Ifa)ijp

Theorem 7. If ¢ is a q-deformed n-chain in A, then d(dc) = 0. Briefly,
0% = 0.

Proof. Let i = j and consider (I{:q))p- If x € [0, 1]"72, then we obtain

( f'i.a))u,ﬁ)(x)
= It TN )
=180 XL B X,  xTD)
=0 e, T B X D)

Similarly we have

UG+ 180X
= If'j+|,ﬁ)(1('i,_ul))(x)
=g, o X Lol D)
=0 e, T B A, L T

Thus we have
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TGy = (G+18)600 for i=j
It follows easily for any g-deformed singular n-cube ¢ that
(Cia)iipy = 9(ci+1piam for i=j

Then we get

n
d%c = 3(2
i=]

T (- 1)i+uqinlc(i.cx)>

n-~

n
=2
i=1

i
= ;5201 O VA G
J=i a,p=U,

Y (LBt e

+ D (DR 2(G )e
> af=0.1

The first term is rewritten in the form

n—1! n-1

firstterm = > > > (=1 Bee 60w

i=1 j=t.isj a,p=0l1
The second term is written as

second term

n

I
i

-1
Py BEO l (_ l)'+j+u+Bq:+j_2(0(f,u})(j,ﬂ)
J= sy ap=u,

1 n

B BEO 1 (=1 Bg T e a)ip)

1 j=2.i<j a

x
|

n~1 n-—l1

= _2 BEOI (-1)i+j+u+aqj+j_l(CUH.B))u,u)
j o B=0,

=} f=lisj

Comparing the first term with second term, we find that
=0

which indicates that

Theorem 8:
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Proof. Suppose that C = /* and w is a g-deformed (k — 1)-form on
[0, 1]*. Then w is the sum of g-deformed (k — 1)-forms of the type

fdx! Aq-"/\q(}.):f/\q“- /\qu*
Note that

j{o - Ifj‘u)*(fdx' Ayt Ay dxt Ayt Ay dx®)

=8ljJ f('x“v"'aav"-v-xk)dxl"‘d.rk
0.1
Therefore we have

Jw”kfdx’ Ag it Agax Ay Ay ddt

k
= E (_|)j+aqj—l[ fdx' Ag o Aq&z\‘iAq"' /\qd_x*

j=1 a=01 ’fj.u)

k
=2 (—l)f“‘qf_’j IS (fdx Ay - - AgdXE Ay - A, dX)

j=1a=01 oI
k
-3 (—l)f*“qf-‘a,-jj F o) i
j=1 a=0,1 ok
= (“1)i+'q’"'J fox, o ) dx e dxt
ORTY
+(—l)‘q‘"‘J fx!',...,0,..., ) dxt - dx
ot
=("q)""f k[f(x‘ ..... L.ooo,x = fxt, . .,0, ..., X9 dx! - dxt
(0.1

On the other hand, we have

Jlkd(fdx' Aq'-'chzxiAq---Aquk)
=LDLfdx"/\qdr' Ayt AgdX Ay A, dXF
!

= L’ (—qY 'Dyf dx' Ay o Ay dX
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= j (—q)Y~'Difdx' -+ do*
.1

=(-q)“'j UL S A0 )
0,11~
X odx' o dxt e dik
=(—q)"'f ) ([f(x‘,...,1,...,1*)*f(x*,...,O,...,x")]
o

xdxf o dx®

where D; means 9/dx’. We have

J dw=j w
* ark

From the above result we can easily extend the result for /* to the
arbitrary g-deformed singular k-chain ¢. Thus we have

Jdm=f ®
c oc

5. ¢-DEFORMED POINCARE LEMMA

In this section we will prove the following lemma, called the q-deformed
Poincaré lemma.

Theorem (Poincaré lemma). Every q-closed, g-deformed form is q-exact.?

Proof. Let the g-deformed |-form w be given by

We will show that

o = [(dw) + d(lw)

3 A g-deformed tensor ¢ is said to be g-closed if db = 0; a g-deformed tensor ¢ is said to be
g-exact if there exists some q-deformed tensor m such that ¢ = dn,
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which indicates that dw = 0 leads to w = d(lw). We define the operator /
on w(x) as

Iox) = 2 (—gq) o~ ”([ 7w, tx) dt)

f1<-»-<ip a=1
X xiadxt A, -+ Ay dXie Ay e A, di

Acting with the exterior derivative d on lw, we obtain

! 1
d([(].)) B E E (_q)—(ﬂ—l)<j tl‘lwiln.i[(tx) dt)
1< <ip a=1 0
X dxirx A(-I dle A(-I e /\q ‘zxiu /\q . /\q dxi,
n ! 1
+ 2 2 E (_Q)_(a_‘)(f H(Djw{l...,‘,)(tX) dt>
i< <ip j=1 a=1 0
X dxixia aydxt Ayt A, &xia,\ e A dx

> 2 ([ 7w, (ex) dt) dxit Ay cer A, dX!

i< -<ip a=1

n ] i
+ 2 2 21 (—q)“"‘”(J t’(Djmi‘.l.,rl)(tx) a't)
= 0

< <ip j=1 a

X dxixie A, dxt Aq---/\q&x"“/\q---/\qu‘"

I
[ (J 7wy, (tx) dt) dxit Ay e Ay dX
0

<<y

i

+ X E E( g "U A(D;w;,... )(tx) dr)

f1<s--<ij j=1 a=1
X dx! xe ngdx't ay v Aqu’a Ayttt A dxt
where the caret over dx’= indicates that it is deleted, and D; means derivative

with respect to x/. On the other hand, we have

do = Y ED(;),I X A X Ay Ay Ay dXY

| <o <iy =

" 1
> XX Dy,

(|<<ij=l a=1

J i AU aes Ixi i
Xodx! ngdx'e ngdx't g Ay dxie Ay Ay dX
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= 3 3T oDkl

0<-<ip j=1 a=1

X dxie aydxd Ay dX Ay A dXE A, e A dX
where we used the formula
dx' A, dx! = EJ", dx/ A, dx’
and

gi = Li

i FE

ji

Acting with the operator / on dw leads to

ldw) = Y, 2 (f H(D;w;, ,.‘)(tx) dr)xf dx't Ay - A dx?

<<y j=

+ Y 2 2 (—g)~ ”EﬂuU (D, )(1x) dt)

<< j=1 a=1
J i e . if
X xle dx Ay dx't A, /\qd.x‘ﬂ Aq Ay dx'
Thus we have

d(lw) + I(dw)

!
=] 2 (J t‘"wil...i[(tx) dt) d.x“ Aq e Aq dxil
0

"|<.. .<[[

i<y j=

+ 2 2 ([ I‘(D Wy, )(1x) dt),\f dX't A, s g dx
+ > 2 2 (-7 ”(f (Do, )(1%) a't)

ip< <y j=1 a=1
X (dxixis + Ellsxsdxl) ngdx't ag - - Agdxie ag - Ap dx!
Using the relation

dxixic = —Ejisxiadx/



1088 Chung, Kang, and Chei

we have
d(le) + [{dw)

i n
2 j (ltl”‘(l)n...i[(fx) + 2‘ tle(x),'l...,‘l(fX)Xj) dt
j=

iy<---<it Jo

X dxit Aq“-/\qu’"

|
= (t’m,-l‘,‘i’(tx)) drdxi' ny -+ Ay dx!

I I
VL
™ M
A
£ s—
F e

Il

o(x)
Therefore we reach the relation

o = d(lw) + (dw)
which completes the proof.

6. CONCLUSIONS

In this paper we have discussed more or less mathematical topics in g-
deformed physics. In ¢ — 1 this theory goes back to the ordinary differential
form theory. The alternating tensor has the same form as the antisymmetric
states in many-body quantum mechanics. In this sense we can guess that we
will use the theory of g-deformed alternating tensors to construct the g-
symmetric state related to the g-boson algebra. We hope that the theorems
given in this paper will be widely used in developing g-deformed physics
and mathematics.

APPENDIX A
In this paper we prove the useful identity

2 q~R(0(!)'~-0(k)) = [k]!

oceSy

In order to prove the above identity, we use mathematical induction; then
we assume that the identity holds for k. For £ + 1 we have
2 q—R(U(l),.‘.,u(k).u(k+ m

oceSi+1

= q—R(U(l) ..... a(k)ak+1)=k+1))

oceSpok+)=k+1

k
+ 2 q—R(u‘(l) ..... a(i—1)a()=k+1,0(i+1),.,0k+1))

i=| celpol)=k+1
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In the first term of the right-hand side of the above equation, we have,
from the definition of R,

R(o(1), ..., 0k), otk + 1) =k + 1) = R(a(l), ..., a(k)
Hence the first term equals to [k]! by assumption. In the second term we get
R(a(l),...,o0(i — Do) =k+ 1L,o(+1),...,0k+ 1))
= R(o(l),...,o( — 1),o()=k+ 1)+ Rci +1),...,0(k + 1))
+ > R(o(a), o(b))

=R@(),...,o(— 1)+ R+ 1), ..., 0k+1)
+ S R(o(a), o(b)) + D Rk + 1,a(b)

a=1,. i~ 1Lb=i+1,. . k+1 b=i+l..k+1

Since k + | is always larger than the a(b)’s, the last term gives k — i + 1.
Then we have

Rio(1),...,oti— ,o)=k+ 1,0+ 1),...,0k+ 1))
= Ro(l),...,o( — 1), 6, i+ 1),...,0k+ 1) +k—i+1

whefe (i) means that o(i) is deleted. Therefore we have
aeSk+i
k .
= (1 + Y q‘“‘“‘*”)[k]! =[k+ 10!
i=1

which implies that the identity holds for k + 1. By mathematical induction,
we can say that identity holds for all natural numbers k.

APPENDIX B
In this appendix we prove the formula
Eil"'itj|~'-jikEjr-'jkir-'iz = (—g¥
where

i[<i2<“'<i[
S <ja<- <k
We assume that the above relation holds. Then we only have to prove that

E. Y+
i

l"'i/i1+ljl'“J'A-Ejl"'jkil"'11i1+1 =(—q
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and
Eiy- it Biv- e, = @
First we will prove the first identity. For i),, = I + k& + | we have
LHS of first identity = (—g)(—¢)¥
= (—g)M*D
For ij,; #1 + k + 1 we get
<y <o < <ipy
h<ja<- <k

so we have j, = [ + k + 1; then we get

LHS of first lden[lty = (~q)1+lE"l"'il+lfl'"jk*IE}l"'jk_|i|---i1+|
— (mq){+l(_q)(l+l)(k~l)
— (_.q)(l+l)k

Now we will prove the second identity. For j, = &k + / + 1 we have
LHS of second identity = (—g)/(—g)¥ = (—q)"**V
Forj, #1+k+ l,wehave i, =1+ k+ 1,s0
LHS of second identity = (—¢)**'E;,.

U= E)l"‘jk+lil"’il~(
— (_q)k+l(_q)(l—l)(k+l)
— (_q)I(IH-I)
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